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Abstract— Real networks in our surrounding are usually
complex and composite by nature and they consist of many
interwoven layers. The commutation of agents (nodes) across
layers in these composite multiplex networks heavily influences
the underlying dynamical processes, such as information, idea
and disease spreading, synchronization, consensus, etc. In order
to understand how the agents’ dynamics and the compositeness of
multiplex networks influence the spreading dynamics, we develop
a susceptible-infected-susceptible-based model on the top of these
networks, which is integrated with the transition of agents across
layers. Moreover, we analytically obtain a critical infection rate
for which an epidemic dies out in a multiplex network, and latter
show that this rate can be higher compared with the isolated
networks. Finally, using numerical simulations we confirm the
epidemic threshold and we show some interesting insights into
the epidemic onset and the spreading dynamics in several real
and generic multiplex networks.
Index Terms— Multiplex
SIS model.
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I. I NTRODUCTION

U

NDERSTANDING and modeling disease (contagion)
spreading among agents in a given network has open
the door for new and improved immunization and vaccination
policies [1]–[6]. Spreading processes are complex phenomena and their study requires knowledge of both the process
dynamics and the underlying network structure. Besides disease spreading, the same or similar models can be used to
model gossiping and information spreading in social networks [7]–[13]. Other important processes that are in tight
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interplay with the network structure are synchronization and
consensus [14]–[18]. All state-of-the-art models are influenced
by the emergent dynamical organization of observed systems, where nodes are interacting with each other in complicated and time-dependent patterns. Different approaches for
modeling epidemic spreading in complex networks exist in
the literature. One is the heterogeneous mean-field (HMF)
approach where nodes are divided in different degree classes
and are given the same dynamical properties within a class,
as in [9], [10], [19], and [20]. However, this approach suffers from inaccuracy, therefore, more precise results can
be obtained by representing the systems as a deterministic
nonlinear dynamical system (NLDS), see [21], [22]. By using
this approach, one can construct the whole phase diagram of
different infection models in order to determine their critical
properties. With the proliferation of network science, the epidemic models developed by the scientific community incorporate the structure of the underlying network. For instance,
Pastor-Satorras and Vespignani [8] provide a model that gives
the threshold for networks with exponentially bounded degree
distribution. This type of modeling has attracted considerable attention in the research regarding spreading processes
over communication systems [23]–[25] and online social
communities [26], [27].
The above-mentioned approaches and other existing models
in the literature have one major limitation, i.e. the dynamical
processes that happen in the today’s networked world are
hardly ever isolated. Often they are interwoven with other
dynamical systems and processes. This interplay is due to
the fact that social networks, technical-technological networks,
biological and physical networks are usually interconnected by
their nature. Thus, it is very inconceivable to find an isolated
complex network, where its internal processes do not depend
on certain dynamical processes that take place in some other
network.
In order to analyze the spreading dynamics that might
occur in these composite complex networks, we need an exact
mathematical representation of their interdependence on a
graph level. A good mathematical apparatus for the analysis of dynamical processes in these composite systems are
multilayered multiplex graphs, introduced recently in [28] and
exposed in details in [29]. These graphs are used to describe
multilevel system, consisting of coupled layered networks,
where each layer consists of the same nodes, but it has different connections and features. Besides the interconnections
inside one layer, another very important feature is how the
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interconnection between the nodes in different layers is
represented in the network model. These interconnections
between layers, greatly affect the undergoing dynamical
processes in the multilevel systems. An extended spreading
model in multiplex graphs will allow us to infer patterns
that can not be seen from studying each network layer
separately.
Epidemic spreading in multiplex networks has already been
studied using several different approaches. Granell et al. [30]
consider a network with interplay between two processes, SIS
(susceptible-infected-susceptible) and UAU (unaware-awareunaware), which are then combined into a single SIS-UAU
system, so strictly speaking it is not a typical multiplex
network. The threshold derived there is similar to the one
presented in [28], which is valid for single layered networks.
On the other hand, our work deals with multiplex networks
with an arbitrary number of layers, and the derivation is based
on the results in [21].
Sole-Ribalta et al. [31] analyze the behavior of the spectrum
of the Laplacian of a complete multiplex network. Thus, even
though this work has some similarities with the results in
our work, there are some crucial differences. In this work
we are concerned with the process of epidemic spreading
in multiplex networks, whereas in [31] the obtained results
are important for reaching consensus and synchronization
in multiplex networks. Moreover, we assume that the nodes
are not fixed, but they are moving between layers according
to a random walk model, which is not addressed in [31].
Similarly, Radicchi and Arenas, [32] analytically show that
given the significance of inter-layer and intra-layer connections
(expressed as weights and Laplacian matrix) there is a sharp
transition between a regime where the multiplex network can
be considered as one network and another regime where each
of the layers can be considered as a separate independent
network. Hence, their work is focused more on connectivity
analysis of multiplex networks. However, in our analysis we
do not have weights on the inter-connections, instead we
use probabilities that represent the nodes’ switching dynamics
across layers. Thus, we are not concerned with the connectivity
analysis, but more with the threshold for an epidemic outbreak
in a regime where the multiplex network can be considered
as one network and nodes move across layers according to a
random walk process.
The research in [33] uses a tensor approach in order to
provide a mathematical formulation of multilayer networks,
which can be easily used for statistical measures and analysis
of dynamical processes on multiplex networks. The proposed
apparatus can be used for analyzing information spreading
when nodes are present in each of the layers and the interconnections represent the weight between different layers in
the network. Our approach, as previously mentioned, differs
in a sense that nodes dynamically move across layers and
the system can be analyzed as a time-dependent multiplex
network.
An interesting work on analyzing a special case of reactiondiffusion process (SIS) on duplex networks is presented
in [34]. Certain links in the network transfer only one
type of the existing two-mode particles. The obtained two
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subnetworks are not multiplex, but they are a type of multilabeled graph.
Cozzo et al. [35], Saumell-Mendiola et al. [36],
Sahneh et al. [37], Wang et al. [38], Hindes et al. [39],
Dickison et al. [40], and Salehi et al. [41] have extended the
SIS and SIR models on interconnected multilayer networks.
The layers in these networks can have different number of
nodes, and the nodes can belong to different layers in the
same time. Using heterogeneous mean-field (HMF) approximations [36], analysis of the microscopic equations and the
spectral properties of the connectivity matrix [35], [37], [38],
a general conclusion was obtained: An epidemic may appear
in the interconnected system even for infection rates for which
a disease would be unable to propagate in each isolated
network [29]. The obtained epidemic threshold is always
smaller than that of the isolated networks, because the spectral
radius (A) of a submatrix A is always smaller or equal to
the spectral radius (A) of the adjacency matrix A of the
interconnected network. In another work Sahneh et al. [42]
propose an agent-level Markov model for epidemic spreading
in multilayer networks using Kolmogorov differential equations and then they derive a generalized epidemic mean-field
approximation. Nevertheless, they do not study the epidemic
threshold and the relationships between the thresholds in the
individual networks and the composite network.
Similarly to the analysis in [35], the authors in [43] have
analyzed the SIS model in multiplex networks using microscopic dynamics. Multiplex networks are a subset of multilayer
networks where each node is present in each of the layers and
each layer is connected to another one via N connections. The
connection between layer results from the links that each node
establishes with its representations in the remaining layers.
Once again, for the extended SIS model on these multiplex
graphs, the authors have shown that the epidemic threshold is
always smaller than those of the isolated networks.
The spreading model presented in this work differs from
the approaches in [35] and [43] due to the fact that here
we are considering SIS reactive model in multiplex networks, where the interconnections between the layers are not
represented by a constant matrix as in [43], but they are
represented by a discrete time Markov chain state-dependent
matrix for each node. In the resulting multiplex graphs a
given node must be associated with each layer, and it can
only be present in one layer at a given moment in time.
In other words, we are observing the spreading process and
the epidemic threshold by running in parallel two processes
in the network, epidemic spreading on the horizontal layer
and a random walk process between the layers. We model
the spreading dynamics among the agents using classical SIS
model, whereas the random walk represents users’ movement
and dynamics, as well as user’s preference for certain layers in the multiplex graph. This approach adds a temporal
dimension to the multiplex graph, in this way the resulting
multiplex graph captures more realistically the mobility and
the social nature of the nodes in these kind of composite
networks.
This kind of multiplex graph, where agents switch across
layers by their internal dynamics, could better mimic the
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information spreading in today’s composite networks. If we
stack up different social networks, such as a network between
colleagues at work, a friendship network, different online
social networks and we assume that there is some information
present in each of these networks (e.g. an advertisement,
a gossip, some breaking news), then our model differs from
the previously mentioned models in a sense that a given agent
(node) will constantly switch between his social networks
and he will receive that information only if his neighboring
nodes in the current layer have the information (are infected).
However, the information might diminish from the node’s
neighborhood after a certain time period and he can be
obliviated from it. For instance, a person may be influenced
by some commercial on Facebook and later he might re-tweet
the information on Twitter, tell it to his colleagues and/or
friends or simply forget about it. Another example is when
a user finds an interesting place to visit on Foursquare, he
might tell to his friends or family about this place and go
out there the next time. Thus, it is evident that the dynamics
in real networks is composite as a consequence of the interconnection between different layers and our model can capture
the spreading process in these composite multiplex networks.
Thus, if we have enough real data for the nodes’ mobility
across given layers in a certain multiplex network we could
model this mobility by constructing the state-transition Markov
chain matrix, which makes our approach more suitable and
more realistic for modelling spreading processes in multiplex
networks than other models in the literature. However, in this
work, we simplify the random walk process across the layers,
by assuming ergodic Markov chain matrix, which allows us
to analytically solve the mathematical model and obtain the
epidemic threshold that is later confirmed by simulations.
Finally, by relaxing our model with the ergodicity assumption,
we state that on a long run all the nodes in a multiplex network
will eventually explore all the available space, i.e. each node
could move from every layer to any other layer (not necessarily
in one move).
The nodes’ mobility across layers provides a temporal dimension and can be also seen as having a type of a
temporal network. Various characteristics of different kinds of
temporal networks were addressed in [44] (and references therein), including epidemic spreading [45], [46].
Nevertheless, our approach is relatively simpler and allows
deeper analytical studies. One way to describe the temporal
dimension is to represent each network as a weighted graph,
and our approach can be applied to weighted graphs also.
Nevertheless, other richer models of temporal networks exist,
which can be used for more precise numerical analyses, but
allow more limited analytical studies. It has been shown that
spreading dynamics in networks is influenced by the distribution of the inter-contact times, which is often heavy-tailed [47].
This type of bursty inter-contact events are believed to be a
result of some memory process and they could be incorporated
in the network dynamics [48]. In our case, the representation
of the dynamics using random walk processes results in
exponentially distributed inter-contact times, however, the distribution shape changes by adjusting the parameters of the
random walk processes, and it allows us to study some
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aspects of the impact of contact dynamics on the spreading
processes.
Using our multiplex representation of real composite networks and extending the epidemic model for this kind of
representation, we are interested in finding the epidemic
threshold for multiplex networks with node mobility across
layers. Our results show that, in contrast to the work presented
in [29] and [43], an epidemic might not appear in the interconnected system for infection rates for which a disease would be
able to propagate in each isolated network. Hence, the main
contribution of this work is to analyze the epidemic spreading
by proposing reactive based spreading SIS model in these
composite time-dependent multiplex networks. Furthermore,
we show how the different interconnection patterns between
layers and the different network structure inside the layers
influence the spreading dynamics.
The outline of the paper is the following. In Section 2,
we give an introduction to the epidemic spreading modeling
and multiplex graphs and provide a detailed description of
the extension of the reactive-based SIS model for multiplex networks with node dynamics across layers. Moreover,
we analytically determine the epidemic threshold for the
presented model. In Section 3, we introduce the datasets used
in the numerical simulation scenarios. Section 4 shows the
results from the thorough numerical analysis of the epidemic
onset and spreading dynamics in multiplex networks. Finally,
Section 5 concludes this paper.
II. SIS OVER M ULTIPLEX N ETWORKS
Let us consider a network made up of N nodes, connected in a complex and composite-layered network structure
with D layers, where each layer is represented by a simple, undirected, unweighted, connected and unipartite graph
G d = (V d , E d ) with node set V d and edge set E d . The graph
at each layer d can be represented by a symmetrical adjacency
matrix Ad , where aidj = 1 if (i, j )d ∈ E d and 0, otherwise.
Thus, we can define the multiplex graph G = (V, E), formed
D V d and E = ∪ D E d .
by the D layers, by V = ∪d=1
d=1
The cross-layer transitions of node i across different layers
can be represented by a state-transition stochastic matrix Li
with dimensions D × D, where elements l j k represent the
probability that node i in the time step t moves from layer j
to layer k, and the elements l j j represent the probability that
the node will remain in layer j . The state vector vi (t) =
[v i (t)]1×D denoting in which layer node i is at moment t, has
a single one at the position of the current layer and zeros at the
other positions. Using the nodes dynamics, represented by the
state-transition matrix Li , and its current position, represented
by vi (t), we can express the probabilities of node i being
in each of the layers with a vector wi (t) = [wi (t)]1×D ,
obtained as
wi (t + 1) = vi (t)Li ,

(1)

vi (t + 1) = MultiRealize [wi (t + 1)] ,

(2)

and

where the function MultiRealize is a random realization of the
corresponding probabilities.
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each node i
piS (t + 1) = siS (t)(1 − qi (t)) + siI (t)η(1 − qi (t))

(6)

piI (t + 1) = siS (t)qi (t) + siI ((1 − η) + ηqi (t))),

(7)

where qi (t) is the probability that node i gets infected in time
step t,


N
D


d I
d
d
qi (t) = 1 −
1−
βa j i s j (t)v j (t)v i (t) ,
(8)
j =1

and

Fig. 1.

A simple three layer multiplex network.

For a given initial status vector of the Markov chain vi (0),
with dimensions 1× D, the expected value of the status matrix
in time step t in closed form is equal to
E(vi (t)) = E(vi (0))(Li )t .

(3)

From the ergodicity and the stochasticity of Li we have
lim (Li )t = 1πiT ,

t →∞

(4)

where πi is the left eigenvector that corresponds to the
dominant eigenvalue and it is positive and normalized.
From (3) and (4) we have
lim E(vi (t)|vi (0)) = lim E(vi (0)(Li )t )

t →∞

t →∞

= E(vi (0))1πiT
= πiT ,

(5)

which is the stationary distribution vector, i.e the probability
that the node will be in layer d in the stationary state. Thus,
the time-dependent network, represented by the graph G,
is in someway an intersection between the ’horizontal’ layers,
represented by the adjacency matrices, and the ’vertical’ node
dynamics, represented by the discrete-time Markov chain.
In the following we will present the reactive-based spreading
model on these kind of networks (see Fig. 1).
Each node in the multiplex network can be in one of
two possible states: susceptible (S) and infected (I ), no matter
its current layer d. The nodes in a susceptible state are healthy
and upon contact only with infected nodes that reside in the
same layer in the current time step may become infected and
spread the disease. At time 0 there is a non-empty finite set
of nodes in state I and all other nodes are in state S. The
state of a node is represented by a state vector having 1 in the
current state and 0 in the other state, i.e si (t) = [siS (t) siI (t)],
∀i ∈ {1, ..., N}. Let us denote the probabilities that a
node is susceptible and infected at moment t with a
vector pi (t) = [ piS (t) piI (t)].



si (t + 1) = MultiRealize pi (t + 1) .

(9)

Let us first describe the two terms in (6): i) the first term
expresses the probability that a node was susceptible siS (t)
and does not get infected (1 − qi (t)); and ii) the second term
expresses the probability that the node was infected siI (t), got
cured with a curing rate η, 0 ≤ η ≤ 1, and did not receive
a new infection (1 − qi (t)). In (7): i) the first term denotes
the probability that the node was susceptible siS (t) and it
became infected qi (t); and ii) the second term gives the
probability that the node was infected siI (t) and it either was
not cured 1 − η or it got cured and reinfected immediately in
the same step ηqi (t). The probability that a node receives an
infection qi (t) depends on its current layer, as expressed by
Eq. (8), where β is the infection rate, 0 ≤ β ≤ 1, and
odji (t) = v dj (t)v id (t)

(10)

is the probability that both nodes v i and v j are at the same
layer at time t.
B. Deterministic Representation
The system represented by (1), (2) and (6)-(9) is a stochastic
representation of the spreading process in multiplex networks
and we use it for our numerical simulations. However, for our
analytical studies we represent the system using the following
similar deterministic difference equations
pi (t + 1) = (1 − pi (t))qi (t) + pi (t)((1 − η) + ηqi (t)),
(11)
where we only consider the probability that a node is infected
pi (t), and represent the probability of a node being susceptible
as 1 − pi (t), and


N
D


a dji wdj (t)wid (t) . (12)
1 − βp j (t)
qi (t) = 1 −
j =1

d=1

The evolution of the nodes’ internal states can be represented as
wi (t + 1) = wi (t)Li .

(13)

C. Stationary State
The system defined by (11)-(13) in a stationary state
(denoted with asterisk) has

A. Stochastic Representation
The SIS spreading process in a multiplex network can be
represented using the following set of difference equations for

d=1

pi∗ (qi∗ (1 − η) + η) − qi∗ = 0, ∀i,

(14)

w∗i = πiT , ∀i.

(15)

and
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Obviously wi (t) always converges to wi∗ regardless of the
spreading dynamics. From (15) and (10), we also have
d d
od∗
j i = π j πi , ∀i, j.

(16)

As the stationary state of the Markov chains is independent
of the spreading process, in the analysis of the epidemic
dynamics we assume that the Markov chains have already
reached the stationary point defined by (5).
Hence, regarding (14), one fixed point is the origin
pi = 0, ∀i ∈ 1, ..., N or simply p = 0. When η = 1 the
stationary point becomes pi∗ = qi∗ , ∀i , while for η = 1 we get
(1 − pi∗ )qi∗ = 0, ∀i and pi∗ = 1, ∀i . Any other existing fixed
points pi∗ , different from the origin for the graph G, can be
numerically computed by integrating the systems equations.
Similarly, as in [49], we can define a macroscopic order
parameter, given by the expected infection density ρ ∗ , as
ρ∗ =

N
1  ∗
pi .
N

(17)

i=1

D. Epidemic Threshold
We want to find out when the fixed point pi = 0, ∀i ∈
1, ..., N is asymptotically stable, i.e. under what conditions
the system is pushed towards the fixed point if the infection
probabilities are very small. As we said, we assume that
the Markov chains have already reached a stationary state,
because their dynamics is independent of the spreading. The
derivation of the epidemic threshold is based on the well
known derivation for single layer networks in [21].
Let us represent (11) in a vector form as
p(t + 1) = f(p(t)),

(18)

where p(t) = [ pi (t)] N×1 . Then, the elements of the Jacobian
function Jf at the fixed point p∗ = 0 are

D
∂ fi
β d=1
a dji od∗
j
ji , j = i
(19)
Ji (0) =
(0) =
∂ pj
1 − η,
j = i.
Let us define a matrix


B = bi j


N×N


=

D



a dji od∗
ji

(20)

l=1

that is symmetric (B = BT ) if A is symmetric. Then,
the Jacobian of (18) with the elements from (19) can be
expressed as
Jf (0) ≡ C = βB + (1 − η)I,

(21)

where I is the identity matrix.
As it is shown in [21] the matrix C has the same eigenvectors as B and its eigenvalues are
B
C
i = 1 − η + βi , ∀i.

(22)

It is known that the system is asymptotically stable [21] at
p∗ = 0 if
|C
i | < 1, ∀i.

(23)
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Since the graph G is connected and undirected, the matrix B
is symmetric, real, non-negative and irreducible, thus, according to the Perron-Frobenius theorem its eigenvalue with largest
magnitude is both real and positive. From (22) and 0 < η ≤ 1,
the same holds for the eigenvalues of C. Hence, using (23) we
can write
B
C
max = 1 − η + βmax < 1,

(24)

and finally we obtain the epidemic threshold for multiplex
networks where nodes move across layers
B
max <

η
.
β

(25)

For a given multiplex network with fixed η, we can define
a critical value of the infection rate βc and when that value
is crossed β > βc , eventually there is a finite population of
infected nodes ρ > 0, while for β < βc , the epidemic dies
out ρ = 0. The critical infection rate βc is simply
η
βc = B .
(26)
max
Next, we consider several special cases.
Let us assume that all the nodes follow the same dynamics,
i.e. Li is constant for every i . In this case we can decompose
matrix B and rewrite (20) as
η
,
(27)
βc =
T
ππ 
max
where 
max is the largest eigenvalue of the matrix  that
D
Ad .
represents the sum of all D adjacency matrices  = d=1
d
D
A
Furthermore, using the inequality 
max ≤
d=1 max we can
derive the lower bound for the epidemic threshold for a
homogeneous state transition matrix for all the nodes in the
network as
η
,
(28)
βc ≥
d
D
ππ T d=1
A
max
d

where A
max is the largest eigenvalue of the adjacency matrix
representing the d th layer. Another simplification would be to
consider that all the layers in the multiplex graph have identical
connectivity between the nodes, i.e. Am = An = A, ∀m,
n = 1, . . . , D. In this case, the inequality from (28) for the
epidemic threshold transforms to the following equation
η
βc =
.
(29)
ππ T DA
max
It is obvious from (29) that the more composite the network is (bigger values for D), the more resistant it is to
epidemic infection and information spreading under the abovementioned assumptions.
As a final remark for the epidemic threshold in multiplex
networks, if we want the model to be more practical, we can
introduce an off-layer, i.e. a layer d where there are no
connections between the nodes (Ad = 0). This node state
reflects for instance, the nature of human beings and their
daily habits. For example, some period of the day we are in
the off-layer and we do not have connection with the rest
of the world by sleeping, relaxing, etc. Another possibility
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would be to consider this layer as a quarantine layer, where
infected nodes will be transferred with a certain probability
and will stay there until they recover. The quarantine layer
will facilitate the modeling of epidemic spreading with node
isolation.

spreading dynamics in multiplex networks, particularly the
epidemic threshold. Therefore, we generate several multiplex
networks in which the layers are individual generic networks
with different structure. For the purpose of this paper, we create multiplex networks with 100, 200, 500 and 1000 nodes of
three different layer topologies: BA, WS or ER.

E. Note
In this work we consider only reactive-based epidemic
spreading model [50]–[52], i.e. there are as many stochastic
contagions per unit time as there are neighbors to a node. In a
more general approach, instead of aidj , we can use contact
probabilities ridj of the following form
⎛
⎞
λi
d
a
i
j
⎝1 − 1 −
⎠ = aidj . (30)
ridj =
lim
d
λi,l →∞,∀i,∀l
j ai j
where λi represents the number of random walkers leaving
node i at each time step. Here we model the dynamics with
one contact per unit time, i.e. λi = 1, ∀i .
III. DATASETS
In this section, we introduce the datasets on which we use
the spreading model elaborated in Section II. The first network
is made of real-world dataset consisting of multiple types of
relations among a number of agents and can be treated as
a multiplex graph. The second class of multiplex network are
generic datasets with different types of network models at each
of the layers of the multiplex graph. In this work we use: the
Barabási-Albert (BA) model of scale-free network, the WattsStrogatz (WS) small-world model and the Erdős-Rényi (ER)
model of random network.
A. Real Datasets
As a real-world multiplex network we use the employees’
network at the Department of Computer Science at Aarhus
University, collected by and presented in [53]. This multiplex
network consists of five layers where each of the layers
consists of 61 employees and the ties between them are
formed based on different relationships. In the first layer,
work layer, the ties are based on current working relationship.
In the second layer, leisure, repeated leisure activities form
ties between employees, whereas in the third layer, lunch
layer, employees are connected if they regularly lunch together.
Co-authorship of publication was reason for tie forming in
the fourth layer, i.e. co-authorship, whereas the fifth layer
connects employees that are friends on Facebook and we call
this Facebook layer. The final composite multiplex graph G
that we call Aarhus, is connected, unweighted and undirected
and consists of 61 nodes and 706 edges belonging to all
5 layers with an average degree of 11.57 and a network
diameter of 4. More information about the methodology used
for generating this dataset and its properties are given in [53].
B. Generic Datasets
While the real-world multiplex network is constructed from
actually observed interactions between agents, because of its
small size it may not be sufficient for the analysis of the

IV. N UMERICAL R ESULTS
The results from the numerical analysis are obtained using
the system represented by (1), (2) and (6)-(9), which is
a stochastic representation, and the system represented
by (11)-(13), which is a deterministic representation of
the spreading process in multiplex networks. In addition,
we approximate the macroscopic order parameter ρ ∗ given
N
in Eq. (17) to a parameter ρ = N1 i=1
siI , which measures
the fraction of infected nodes at the simulation end for given
β and η.
We run the simulations on the generic datasets and the
Aarhus multiplex network dataset for different values of β
that we vary from 0 to 1 with a step size of 0.01. Each of
the stochastic simulations lasts 500 time units (iterations)
and we average the results on 50 different runs, whereas the
deterministic simulations also last 500 time units (iterations)
and there is no need of averaging due to their deterministic
nature.
A. Results With Generic Networks
First, we will show the results for the multiplex generic
networks. As expected, for a fixed curing probability η = 0.5,
the lowest βc was obtained for the scale-free (BA) layer, then
small-world (WS) layer and random (ER) layer, when we
treat them as separate networks. The first multiplex network
(BA-BA-BA) has three scale-free layers (using BA model)
and the second (ER-ER-ER) has three random layers (using
ER model) and each of the nodes has its own state-transiton
stochastic matrix L i . The elements of L i were generated using
l j k = (1 − a)/D + U(−0.005, 0.005), where j = k, D is the
number of layers, a is a parameter representing how dynamic a
given node is, i.e. the lower the value the bigger the probability
that the node will switch layer in a given time step, and U is a
uniform distribution. The elements of the main diagonal of the
matrix L i were obtained as l j j = (1 − k l j k ), where j = k.
In our simulations, both deterministic and stochastic, we use
two values for a, 0.1 and 0.9. For the BA-BA-BA multiplex
B
is around 3.73 and the
network the largest eigenvalue max
theoretical value of the threshold for this example multiplex
network is 0.1342 (using Eq. 26). In Fig. 2 we confirm this
value with the deterministic simulations (βc = 0.13), which
is an exact match to the theoretical value (we have varied β
with a step size of 0.01). On the other hand, the obtained βc
for the stochastic simulations is around 0.15. One can notice
that the deterministic simulations, show an exact match with
the theoretical results and represent the lower bound of βc
in the stochastic simulations, which will be the case for the
results presented later as well. Therefore, we claim that below
the theoretical threshold value, the epidemic will certainly die
out also in the stochastic model. Furthermore, the discrepancy
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TABLE I
R ELATIVE D ISCREPANCY OF THE βc O BTAINED F ROM THE S TOCHASTIC
S IMULATIONS C OMPARED TO THE T HEORETICAL βc A S A
F UNCTION OF THE N UMBER OF N ODES N . W E U SE THE
BA-BA-BA M ULTIPLEX N ETWORK W ITH D IFFERENT
VALUES OF N , AND W E G ENERATE THE
S TATE -T RANSITION M ATRIX L i
USING a = 0.1

Fig. 3. Fraction of infected nodes for the generic ER-ER-ER multiplex
network (N = 500) for η = 0.5 and different infection rate β.

Fig. 2. Fraction of infected nodes for the generic BA-BA-BA multiplex
network (N = 500) for η = 0.5 and different infection rate β.

between the theoretical and the stochastic threshold significantly reduces as the network size grows, i.e. N → ∞,
as it can be seen in Table I where we show the relative
discrepancy between these thresholds. The threshold value
obtained in a network with a single BA layer, was around 0.04
(the largest eigenvalue for the BA network in this experiment
was 12.2363), which is significantly lower compared to 0.1342
for the BA-BA-BA multiplex network. Thus, our results show
that the threshold value for an epidemic onset rises as the
number of layers increases in the multiplex network.
In Fig. 3 we show similar analysis for the ER-ER-ER multiplex network with three random layers (using the ER model).
The average eigenvalue of each of the ER networks in
each of the layers is around 7.0, giving a threshold value
βc ∼ 0.07. However, for the ER-ER-ER multiplex network
B
is around 2.1 and the theoretical
the largest eigenvalue max
βc = 0.2384, which is confirmed with the deterministic
simulations and approximated with the stochastic simulations,
as shown in Fig. 3.
In Figs. 4, 5, 6 and 7 we show the fraction of infected
nodes for a more diverse multiplex network (BA-ER-WS)
having a BA scale-free network as a first layer, an ER
random network as a second layer, and a WS small-world
network as a third layer. We analyze several cases of the statetransition stochastic matrix L i . For this multiplex network we
use two different cases, i.e. a non-biased case and a biased
case. For the non-biased case, we generate a state transition
matrix L i , which is identical for all nodes in the network,

Fig. 4. Fraction of infected nodes for the non-biased generic BA-ER-WS
multiplex network (N = 500) for η = 0.5 and different infection rate β.

Fig. 5. Fraction of infected nodes for biased generic BA-ER-WS multiplex
network (N = 500) for η = 0.5 and different infection rate β. The nodes are
biased towards the BA layer (layer 1).

with elements l j j = a and l j k = (1 − a)/D, where j = k,
D is the number of layers and a is 0.1 or 0.9. For the
biased case, we want to see the results when nodes are more
biased or reluctant to a certain level K , where K ∈ (1, D),
therefore, we generate the L i matrix, which is again identical
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TABLE II
T HE L ARGEST E IGENVALUE max AND THE T HEORETICAL T HRESHOLD
VALUE βc FOR E ACH OF THE L AYERS AND THE A ARHUS
M ULTIPLEX N ETWORK FOR η = 0.5

Fig. 6. Fraction of infected nodes for biased generic BA-ER-WS multiplex
network (N = 500) for η = 0.5 and different infection rate β. The nodes are
biased towards the ER layer (layer 2).

Fig. 8. Fraction of infected nodes for the non-biased Aarhus multiplex
network for η = 0.5 and different infection rate β.

Fig. 7. Fraction of infected nodes for biased generic BA-ER-WS multiplex
network (N = 500) for η = 0.5 and different infection rate β. The nodes are
biased towards the WS layer (layer 3).

for all nodes, such that l j K = a, ∀ j and l j k = (1−a)/(D −1),
∀ j, k = K . Once more, for a we use 0.1 and 0.9, where
a = 0.9 means that the nodes are more biased towards layer K ,
and a = 0.1 means that they are reluctant towards layer K . The
results for these scenarios are shown in Figs. 4, 5, 6 and 7.
The results for the non-biased case are shown in Fig. 4. The
obtained theoretical threshold value until which no epidemic
occurs, calculated using Eq. (26), is βc = 0.2991, both when
a = 0.1 and a = 0.9. The largest eigenvalue for this multiplex
B
network max
is around 1.67. In Fig. 4 we confirm this value
with the deterministic simulations (βc = 0.30). On the other
hand, the obtained βc for the stochastic simulations is around
0.31 for a = 0.9 and 0.33 for a = 0.1. In comparison,
the largest eigenvalues (and the theoretical threshold values)
B A = 9.4(β = 0.053),  E R =
for the separate layers are max
c
max
W S = 4.61(β = 0.11) for the BA,
4.16(βc = 0.12) and max
c
ER and WS layer, respectively. However, when nodes are more
biased towards the BA layer (i.e. a = 0.9), the threshold value
decreases significantly, as shown in Fig. 5. The theoretical
threshold value is βc = 0.0616 and it is well approximated by

the stochastic simulations. On the other hand, having nodes
more reluctant to the BA layer (a = 0.1), results in a higher
epidemic threshold (βc = 0.2886).
The epidemic threshold βc when nodes are more biased
towards the layer represented with the ER model (a = 0.9) is
0.1419, whereas when nodes are more reluctant to it (a = 0.1)
gives βc = 0.2023, which is quite lower compared to the case
when they are reluctant to the BA layer. We can also see that
because of the smaller connectivity (i.e. the largest eigenvalue
for the network in the ER layer is smallest compared to
the other two layers) the threshold discrepancy between the
deterministic and the stochastic simulations is the biggest, see
Fig. 6. These results are similar with those shown in Fig. 7
were nodes are more biased or reluctant towards the WS layer.
B. Results With the Aarhus Network
For the Aarhus network the epidemic dynamics shows
distinct behavior for the different layers, i.e. the epidemic
threshold is the lowest for the Facebook, leisure and the work
layer, and it is highest for the lunch layer. However, when
taking into account the multiplex network represented by the
five layers together and the deterministic representation of the
spreading process (represented by (11)-(13)) the threshold is
significantly bigger (the value is 0.4591), see Table II.
In Figs. 8, 9, 10 and 11 we show the epidemic outbreak
for different state-transition matrices of the multiplex network.
As for the generic dataset, we analyze several cases of
the state-transition stochastic matrix L i . Here, again we use
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Fig. 9. Fraction of infected nodes for the biased Aarhus multiplex network
for η = 0.5 and different infection rate β. The nodes are biased towards the
work layer (layer 1).

Fig. 10. Fraction of infected nodes for biased Aarhus multiplex network
for η = 0.5 and different infection rate β. The nodes are biased towards the
leisure layer (layer 2).

Fig. 11. Fraction of infected nodes for biased Aarhus multiplex network
for η = 0.5 and different infection rate β. The nodes are biased towards the
co-authorship layer (layer 4).

two different cases, i.e. a non-biased case and biased case, and
for both cases, we set the parameter a to be 0.1 and 0.9. The
obtained results are shown in Figs. 8, 9, 10 and 11.
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Using the biased case we want to see when employees tend
more to be on work or they are reluctant to communication on
social online platforms, how this will affect the threshold and
the fraction of infected nodes in the network. This analysis
also holds for the generic datasets and represents a generic
model that can be used for analysis of information spreading in
multiplex network as a function of the internal state of node i ,
represented by its stochastic state-transition matrix L i . As we
do not have real data needed to generate the matrix L i , in our
simulations we use the biased and non-biased version of it,
as explained above.
The results for the non-biased case are shown in Fig. 8.
The obtained theoretical threshold value, calculated using
Eq. (26), is βc = 0.4591, both when a = 0.1 and a = 0.9,
B
and the largest eigenvalue max
is around 1.09. In Fig. 8
we confirm this value with the deterministic simulations
(βc = 0.45). On the other hand, the obtained βc for the
stochastic simulations is around 0.62 for a = 0.9, and 0.64 for
a = 0.1. Again, as for the generic datasets, the deterministic
simulations show exact match with the theoretical results and
represent a lower bound of βc in the stochastic simulations.
The discrepancy between the deterministic and the stochastic
threshold for the Aarhus network is bigger compared to the
generic datasets, due to the smaller number of nodes in the
network, N = 61 vs. N = 500, which is another confirmation
of the results in Table I.
In addition, one can notice that the number of infected
nodes at the end of the stochastic simulations depends on
the diagonal values lii of the state-transition matrix Li , even
though the epidemic threshold is almost equal (see Fig. 8).
The more dynamic the nodes are (lii = 0.1), the bigger the
infection spread in the network is (compare the blue line with
the red line in Fig. 8). To understand this observation, we have
calculated the inter-contact times for different values of lii for
the non-biased case, and as expected they had larger values as
lii was increased. For example, in a simulation run of 500 steps
for the Aarhus network, the longest inter-contact time for
lii = 0.1 was around 50 time units, while for lii = 0.9 it
reaches almost 200 time units. Therefore, it is evident that the
inter-contact times obtained for different diagonal values lii ,
which are tightly coupled with the dynamic parameter a, affect
the results of the stochastic simulations and the macroscopic
system dynamics. However, the main objective in this work is
to obtain the epidemic threshold in the deterministic model
represented in (11)-(13) and to numerically show that this
threshold is a lower bound to the stochastic model represented
by (1), (2) and (6)-(9). On the other hand, the inter-contact
times have an impact on the number of infected nodes in the
network in each time step and we leave it for future work.
When nodes are more biased towards the work layer
(i.e. a = 0.9), the threshold value decreases significantly,
as shown in Fig. 9. The theoretical threshold value is βc =
0.0712, the βc obtained with deterministic simulations is
0.07 (β is varied with a steps size of 0.01), while the stochastic
simulations show a good approximation with βc = 1.1. On the
other hand, when the nodes are more reluctant to the work
layer (a = 0.1), the threshold is βc = 0.4503. The epidemic
threshold βc when nodes are more biased towards the leisure
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layer (a = 0.9) is 0.4573, whereas when nodes are more
reluctant to it (a = 0.1) the threshold is βc = 0.064, which
is lower compared to the case when they are reluctant to the
work layer, see Fig. 10. Even though the threshold value is
similar for both cases, when nodes are more biased towards
the work layer the number of infected nodes when β rises
is much bigger compared to the case when they are biased
towards the leisure layer.
In Fig. 11 we show the threshold value and the fraction of
infected nodes ρ when nodes are more biased towards the
co-authorship layer (a = 0.9), or they are more reluctant
in writing research papers together (a = 0.1). Here we see
that the threshold value for the first case (a = 0.9) is higher
compared to the case when nodes are more biased towards
the work (see Fig. 9) and the leisure layer (see Fig. 10).
On the other hand, the reluctance towards the co-authorship
layer (a = 0.1) shows lower threshold value compared to the
work and co-authorship layers.
V. C ONCLUSIONS
In this paper we studied the SIS process of epidemic spreading in multiplex networks, where the transitions between layers
of each node follow an internal random walk process. First,
we developed a model that represents the exact dynamical
behavior in such networks, and also derived its deterministic
form. We showed how the well known epidemic threshold
can be extended to these kind of multiplex networks, and
concluded that an epidemic might not appear in the multiplex
system for infection rates for which an epidemic might occur
in each of the constituent isolated layers. Finally, the derived
threshold is valid for any network topology with arbitrary
state-transition matrices.
The numerical simulations over both real and generic multiplex network topologies, with generated dynamical interactions, confirmed that the obtained threshold is well matched.
Moreover, some of the results from the numerical analysis
indicate that the fraction of infected nodes at the end of the
simulation might depend on the rate at which the nodes switch
across layers. However, we leave this issue to be studied in
our further research.
The available data with temporal dimension for dynamical
processes over multiplex networks are still limited, nevertheless, this issue could be also addressed with an empirical
approach in the near future. We can consider other processes
for the nodes’ internal dynamics, which could potentially give
a better match to empirical data. Another issue that can be
investigated in the future is the possible dependence of the
nodes’ internal dynamics on the spreading process, which
could have an impact on the epidemic threshold.
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